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Topological index of a system specifies gross features of the system. However, in situations such as strong
disorder where by level repulsion mechanism the spectral gap is closed, the topological indices are not well-
defined. In this paper, we show that the localization length of zero modes determined from appropriate use of
transfer matrix method reveals much more information than the topological index. The localization length can
provide not only information about the topological index of the Hamiltonian itself, but it can also provide infor-
mation about the topological indices of the ”related” Hamiltonians. As a case study, we study a generalized XY
model (2XY model) plus a generalized Dziyaloshinskii-Moriya-like (DM) interaction that after fermionization
breaks the time-reversal invariance and is parameterized by φ. The parent Hamiltonian at φ = 0 which belongs
to BDI class is indexed by integer winding number while the φ 6= 0 daughter Hamiltonian which belongs to
class D is specified by a Z2 index ν = ±1. We show that the localization length in addition to determining
the Z2 can count the number of Majorana zero modes left over at the boundary of the daughter Hamiltonian –
which are not protected by winding number anymore. Therefore the localization length outperforms the stan-
dard topological indices in two respects: (i) it is much faster and more accurate to calculate and (ii) it can count
the winding number of the parent Hamiltonian by looking into the edges of the daughter Hamiltonian.
PACS numbers: 71.10.Pm, 03.65.Vf
I. INTRODUCTION
Band topology concerns single-particle Hamiltonians that
can be classified with a topological index1. Although a com-
plete classification has been provided1–3 but the consequence
of the disorder and interaction are yet at scratching the surface
stage4,5. For example, a Z-valued topological classification of
non-interacting systems can be reduced to Z8 classification
when the interactions are taken into account6,7. The disorder
has important consequences from renormalization of param-
eters to a generation of non-translationally-invariant form of
topological insulators dubbed topological Anderson insulators
(TAI)8–10. It is curious to note that sometimes the environment
effect can be even helpful, as for example Bravy et. al. found
”quenched disorder may enhance the reliability of topological
qubits by reducing the mobility of Anyons at zero tempera-
ture”11. Band topology is formulated in transnational invari-
ant systems. Although disorder breaks this important symme-
try, disorder averaging, restores the transnational invariance,
and topology become well-defined again12. Besides, symme-
try and topology, criticality is crucial for understanding phase
diagrams and the critical behavior at Anderson transitions13
The topological index in such systems is protected by the
spectral gap, and therefore can not be changed as long as
the gap is not closed4. Therefore small environmental per-
turbations respecting the symmetries of the topological class1
at hand are not expected to change the topological index as
long as they do not fill in the gap. These are reminiscent of
the plateau-to-plateau transition in integer quantum Hall ef-
fect14–18. Morimoto and coworkers present a generic phase
diagram of disordered topological insulators in terms of Dirac
spectrum with random masses by studing the topology of clas-
sifying space19.
A subclass of topological insulators are topological super-
conductors which support Majorana fermions in their spec-
trum. A simple condensed matter realization of Majorana
fermions is suggested by Kitaev model20 and its larger wind-
ing number generalizations21,22. Subsequent proposals in
semiconductor-superconductor heterostructures23,24 has initi-
ated a vast search for the condensed matter realizations of Ma-
jorana fermions25–28. Studies of disorder in topological su-
perconductors suggests that distribution of the disorder can
heavily affect the phase diagram of topological phase tran-
sitions29. Quasi-periodic systems are somehow in-between
the clean and disordered systems. Models supporting Majo-
rana fermions in these systems such as Harper potential or
Fibonacci chains are also studied. Ganeshan et. al. con-
sider Aubry-Andre´-Harper model and investigate its phase di-
agram30. Cai et. al. find the boundary between topological
and trivial phase for incommensurate potential31. Ghadimi et.
al. also consider the Fibonacci chain and they find that the
topological phase diagram itself acquires a fractal structure32.
Given the strong dependence of topological phase diagram
on deviations from periodicity (including both disorder and
quasi-periodic systems), the question that arises is, is there
any genuine role played by Majorana fermions themselves in
forming the topological phase transition lines?
We have recently noticed that the localization length (LL)
of Majorana zero modes not only contains information about
the topological index which can be equally computed for clean
and disordered systems, but it can also reveal information on
the mechanism by which the topological index changes from
one integer value to a neighboring integer value33. For this we
have taken a system in the BDI class2 with a maximum wind-
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2ing number of±221, and have focused on the resilience behav-
ior of Majorana end modes which allows us in the hindsight to
map the topological phase boundaries of the system. Indeed
the topological phase transition is signaled by a divergence
of LL33 which is in agreement with similar results on BDI
and AII class34– both of which have time-reversal (TR) and
particle-hole symmetry and are classified with integer topo-
logical index. This provides us with a computationally very
cheap34,35 and accurate method for determination of the topo-
logical phases, which focuses on the evolution of Majorana
fermions (at E = 0) with the disorder. The basis philoso-
phy rests on the bulk-boundary correspondence: Simply mon-
itor what is happenning at the edge of the system. This boils
down to focusing on the E = 0 (Majorana) modes which nat-
urally live in the edges of the system. Our larger winding
number generalization of the XY model (equivalent to Kitaev
model after Jordan-Wigner transformation) can be compared
with multichannel Kitaev model which has been studied by
Pekerten and coworkers who find that in the disordered system
although gap is closed, but it is the mobility gap that decides
for the change in the topological index36.
The emerging picture is that the disorder generates topo-
logical phase transitions between gapped states4, the bound-
ary of which is marked by zero energy extended states33,34.
Now imagine that a TR breaking agent is introduced. This
TR breaking agent will work against localization and tries to
create extended states37. The ensuing extended states are ex-
pected to intervene with the topological phase transitions that
are driven by the disorder. For this purpose we further extend
the 2XY model which belongs to BDI class with a similar ex-
tension of Dzyaloshinskii-Moriya38,39 (DM) interaction – the
clean limit of which still remains solvable – that is parame-
terized by the TR breaking parameter φ 6= 0. We use the
terminology of the parent (daughter) Hamiltonian to refer to
the φ = 0 (φ 6= 0) Hamiltonian which belongs to BDI (D)
class and is classified by a Z (Z2) index. As far as the Z2
topological index is concerned, all phases with even number
of pairs of Majorana end modes are equivalent to zero pairs
of Majorana fermions. Therefore the ensuing Z2 index of the
daughter Hamiltonian is not able to distinguish between the
even numbers of pairs of Majorana end modes – which are
inherited from the φ = 0 parent Hamiltonian. Similarly, all
phases with odd number of Majorana end modes – as far as
the Z2 index is concerned – are equivalent to one pair of Ma-
jorana end modes. The localization length of the zero-energy
states signals the disorder threshold at which pairs of Majo-
rana fermions are drawn into the bulk of Anderson localized
states in a one-by-one fashion33. This picture persists in the
daughter Hamiltonian with φ 6= 0 where the topological index
is not even a winding number anymore. Therefore by looking
into the edge modes of the daughter Hamiltonian, the LL is
able to tell us about the number of Majorana zero modes left
from the parent Hamiltonian.
The roadmap of the paper is as follows: In section II we
introduce a generalization of the DM interaction in the spirit
of nXY model21 which allows for exact Jordan-Wigner solv-
ability in the clean limit. In section III we discuss how the
footprints of the winding number of the parent Hamiltonian
survive in the daughter Hamiltonian whose TR breaking pa-
rameter φ is non-zero. In section IV we discuss the phase
diagram of the model and compare the standard Pfaffian and
localization length diagnosis tools. We end the paper with our
conclusion and outlook.
II. MODEL AND METHOD
In this section, we will extend the model previously intro-
duced by one of the authors21 that allows to engineer arbi-
trarily large winding numbers. We consider the consequence
of disorder and time reversal breaking term on the phase di-
agram of this model. Consider 2XY model extended by DM
and disorder terms as follows:
H = H2XY +HDM +Hdis. (1)
HDM is a generalization of Dzyaloshinskii-Moriya interac-
tion, Hdis is random transverse field term which are defined
as follows:
H2XY =
∑
j
(J ′1 + λ1)σ
x
j σ
x
j+1 + (J
′
1 − λ1)σyj σyj+1 + (J ′2 + λ2)σxj σzj+1σxj+2 + (J ′2 − λ2)σyj σzj+1σyj+2, (2a)
HDM =
∑
j
∆1(σ
x
j σ
y
j+1 − σyj σxj+1) + ∆2(σxj σzj+1σyj+2 − σyj σzj+1σxj+2), (2b)
Hdis =
∑
j
(εj + µ)σ
z
j . (2c)
By using Jordan Wigner transformation,
σzj = 2c
†
jcj − 1, σxj = eiφj (c†j + cj), σyj = ieiφj (c†j − cj),
(3)
the Hamiltonian can be translated to fermionic language.
φj = pi
∑
l<j c
†
l cl is the phase string, which serves to guaran-
tee the anti-commutative requirement of fermions. So by ne-
glecting constant terms, fermionic version of this model given
3by:
H = 2
∑
j
∑
s=1,2
Jse
isφc†jcj+s + λsc
†
jc
†
j+s + h.c
+ 2
∑
j
(µ+ εj) (c
†
jcj −
1
2
) (4)
where the following re-parameterization is introduced,
J ′1 → J1 cosφ, J ′2 → J2 cos 2φ, ∆1 → J1 sinφ
∆2 → J2 sin 2φ.
This extension of the Kitaev model not only extends the hop-
pings and pairing to longer ranges, but also includes appro-
priate extension of the DM interaction which is encoded in
the parameter φ. The H2XY portion of the above Hamilto-
nian belongs to the BDI class1 and allows for integer topo-
logical index which in this case turn out to be between −2
and 221. Adding the Hdis still preserves the winding number
for small disorder strength. However, increasing the disor-
der causes the winding number to be lost one-by-one33. The
bulk-boundary correspondence allows to detect the reduction
of winding number by only focusing on the boundary (Ma-
jorana) modes that are locked to E = 0 energy33. Breaking
the TR by smallest amount of φ, reduces the BDI class to
the class D which admits a Z2 topological index. The stan-
dard method to calculate the Z2 index is to compute the Pfaf-
fian20,40,41. Note that the above generalized DM interaction
breaks the TR, but it is not equivalent to an applied magnetic
field. It only couples to the hopping term on Jordan-Wigner
fermions, but does not couple to the condensate. Therefore
there is no Meissner effect associated with TR breaking aris-
ing from non-zero φ.
A. Longer range Kitaev chain
Here we wants to study the extended 1D Kitaev model with
onsite disorder:
H = 2
∑
j
∑
s=1,r
Jsc
†
jcj+s + λsc
†
jc
†
j+s + h.c
+ 2
∑
j
(µ+ εj) (c
†
jcj −
1
2
) (5)
Although in this work we are interested in the r = 2 case,
but even for a general r this Hamiltonian belongs to BDI class
where the topological index is an integer nw which for this
model satisfies |nw| ≤ r. By breaking TR symmetry, the
system will belong to class D, which in one dimension admits
a Z2 topological index. Let us see in detail how this happens.
The Jordan-Wigner fermionized version of the model will be,
H = 2
∑
j
∑
s=1,r
Jse
isφc†jcj+s + λsc
†
jc
†
j+s + h.c
+ 2
∑
j
(µ+ εj) (c
†
jcj −
1
2
) (6)
This Hamiltonian can also be represented in terms of the Ma-
jorana fermions, aj = (c
†
j + cj) and bj = i(c
†
j − cj) which
satisfy the fallowing algebra:
{ai, aj} = {bi, bj} = 2δi,j ,
a†i = ai and b
†
i = bi.
(7)
In high energy physics, the particle that satisfy mentioned al-
gebra are called Majorana fermions which are their own an-
tiparticles. The Majorana representation of our Hamiltonian
becomes,
H = i
∑
j
∑
s=1,r
(
(Js cos sφ− λs) ajbj+s + (−Js cos sφ− λs) bjaj+s + Js sin sφ ajaj+s + Js sin sφ bjbj+s
)
+ i
∑
j
(
µ+ εj
2
ajbj − µ+ εj
2
bjaj
)
(8)
4For a clean system, using Fourier transformation it can be rewritten as,
H =
∑
k
ψTk h(k)ψ−k , ψ
T
k =
(
ak bk
)
, (9)
h(k)
2
=
(∑
s=1,r
Js sin sk sin sφ
)
τ0 +
(
µ
2
+
∑
s=1,r
Js cos sk cos sφ
)
τy +
(∑
s=1,r
λs sin sk
)
τx. (10)
In this basis TR can be represented as τzK. The action of this operator is ak → a−k and bk → −b−k. Note that under TR
h(k) → τzKh(−k)τzK. This operation leaves second and third term invariant while the first term arising from the non-zero
φ is not invariant. Furthermore, PH in this basis can be represented as PH= τ0K which acts as ak → Kak = a−kK and
bk → Kbk = b−kK, such that PH2 = +1. The effect of PH on the matrix h(k) is therefore given by τ0Kh(−k)τ0K. Another
way to see why the PH is identified as above is as follows: First of all, since PH is an anti-unitary operation, it must involve the
complex conjugation operator K. To make the first term change sign, it should also involve k → −k. As for the matrix part,
as far as the first term of the above Hamiltonian is concerned, it can be any of τµ with µ = 0, 1, 2, 3. So the first term does not
constraint the matrix part. Now let us move to the second term. The operation k → −k does not do anything to cos sk. The
complex conjugation, however, produces a minus sign as it acts on τy . Since the required minus sign is already produced, the
matrix part must commute with τy . This leaves us only with two choices, namely τ0 or τy . The third (τx) term completely fixes
this. The sin sk gives a minus sign under k → −k, and τx does not care about complex conjugationK. Therefore the matrix part
must also commute with τx. This fixes the matrix part of PH to be τ0. Now, we define C =TR.PH= τz . The above Hamiltonian
lacks C and TR but possesses the above PH symmetry that squares to +1. Therefore, our Hamiltonian belongs to class D hence
in 1D admits a Z2 classifications1. Energy spectrum can be find by diagonalizing Hamiltonian:
E(k)
2
=
(∑
s=1,r
Js sin sk sin sφ
)
±
√√√√(µ
2
+
∑
s=1,r
Js cos sk cos sφ
)2
+
(∑
s=1,r
λs sin sk
)2
(11)
As can be seen, under the sequence of operations, k → −k
and acting on matrix part from both sides by τ0K, the eigen-
states |k,±〉 is mapped to−|k,∓〉. This transformation, sends
a state with energy E, to a state with energy −E which is the
manifestation of PH symmetry on the spectrum.
III. FOOTPRINTS OF WINDING NUMBER IN THE Z2
PHASE
In Fig. 1 we plot the tower of states for the clean limit of
the Hamiltonian (4) for µ = 0, λ2 = −1.4 and J2 = −1.5
for a continuum of generalized DM parameter φ. Red (blue)
lines indicate the top (bottom) energy states. The role of gen-
eralized DM parameter φ is to reduce the Hamiltonian from
class BDI (Z classification) to class D (Z2 classification).
The φ = 0 parent model is classified with an integer wind-
ing number, nw. The left panel corresponding to parameters
λ2 = −1.4, J2 = −1.5 (note that we always take λ1 = J1
where J1 is unit of energy) which is specified with a winding
number of −221, while the panel in the parent model is spec-
ified by the winding number of −1. This means that for the
parent Hamiltonian at φ = 0, in the left panel there are two
(|nw| = 2) pairs of zero modes (i.e. four zero energy states)
while in the right panel there are only one (|nw| = 1) pair of
zero modes (i.e. two zero energy states)33. For a represen-
tative point in the phase diagram of the φ = 0 model21 that
corresponds to nw = 0 there are no mid-gap states whatso-
ever.
Any non-zero value of the generalized DM parameter φ re-
duces the BDI class to the D class, and hence the non-zero φ
model must be classified with a Z2 invariant, ν = ±1. The
ν = +1(−1) corresponds to trivial (nontrivial) topology. As
far as the Z2 index for φ 6= 0 model is concerned, all even
(odd) winding numbers of the parent Hamiltonian correspond
to ν = 1(−1) or more compactly
ν = (−1)nw . (12)
As far as the above topological index is concerned, for the
φ 6= 0 daughter Hamiltonian, all the even winding numbers of
the parent (φ = 0) Hamiltonian are the same. But as can be
seen in Fig. 1, the winding number of the parent Hamiltonian
still have its footprints in the φ 6= 0 model. For every value of
φ where there is a clear separation between the positive and
negative energy states, there are 2|nw| mid-gap states. Being
a mid-gap state, they are localized in the edge. The mid-gap
states in Fig. 1-left are not protected as they correspond to the
trivial Z2 topological index, ν = +1 and hence dissever from
E = 0 for nonzero values of the generalized DM parameter
φ. In contrast, the mid-gap states in Fig. 1-right remain pinned
to E = 0 as they are protected by the Z2 topological index,
ν = −1. Note that for those values of the generalized DM
parameter φ that positive and negative energy bands merge,
the Z2 index can not even be defined.
The mid-gap states of the left panel used to be Majorana
zero modes in the φ = 0 parent Hamiltonian, but in the φ 6= 0
daughter Hamiltonian they are not Majorana zero modes any-
more. However, they are still separated from the rest of the
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FIG. 1. (Color online) Tower of states of the clean limit of Eq. (4)
with open boundary conditions as a function of the generalized DM
parameter φ. This spectrum drawn for µ = 0 and J1 = λ1 = 1 for a
system of L = 103 sites. For clarity the continuum part of bands has
been extracted from Eq. (11). (left): For λ2 = −1.4 and J2 = −1.5
there are 2|nw| = 4 mid-gap states and the system has trivial Z2
index, ν = 1. (right): λ2 = −1.4 and J2 = −0.5 and 2|nw| = 2
mid-gap states and the system has non-trivial Z2 index, ν = −1.
Red (blue) lines show top (bottom) band. Dark red (navy blue) line
shows the mid-gap States. For those values of the generalized DM
parameter φwhere there is a clear separation between top and bottom
bands, the Majorana fermions of the parent Hamiltonian continue to
leave in the mid-gap. When the top and bottom bands merge, the
mid-gap states are drowning into continuum.
spectrum and are hence localized in the edge. These mid-gap
states are not as localized as the φ = 0, as the non-zero φ itself
is increasing the localization length of the mid-gap states. By
increasing φ they eventually enter the continuum of extended
states. This is how the TR breaking agent φ causes the delo-
calization of mid-gap states. For odd values of the winding
number such as those in Fig. 1-right, Majorana zero modes of
the parent Hamiltonian at every edge, hybridize in a pairwise
fashion and hence get dissevered from E = 0, leaving behind
one zero mode which still remains protected. For the even
values of the winding number such as those in Fig. 1-left all
zero modes at a given edge hybridize with each other, and are
therefore pushed away from E = 0, but they still remain lo-
calized in the edge, although not topologically protected. As
long as we are dealing with a clean system, the edge modes
are not harmed by the rest of the spectrum. Therefore, al-
though the daughter Hamiltonian is characterized by ν, it still
remembers the nw of the parent BDI Hamiltonian by having
|nw| mid-gap states at every edge.
IV. PHASE DIAGRAM OF CLEAN Z2 SYSTEM
Upon deviation of the generalized DM parameter φ from
zero, the topological index of the system will be a Z2 invari-
ant, and the winding number nw of the parent system will be
remembered as a number of (not all-protected) mid-gap states.
The phase diagram of the parent 2XY Hamiltonian consists
of regions with the definite winding number nw which are
separated by gapless lines21,33. The boundaries of the parent
Hamiltonian are of two types: (i) gapless lines across which
the winding number changes by one and (ii) gapless lines
across which the winding number changes by two. Now the
question is, what happens to the phase diagram as the gener-
alized DM parameter φ 6= 0 is introduced?
First of all as in Eq. (12) all regions of the parent Hamil-
tonian that have even (odd) nw, in the daughter Hamiltonian
will correspond to trivial (non-trivial) Z2 index, ν = +1(−1).
However, those borders that separate same ν index, will be
broadened to a gapless region, rather than a gapless line. This
is depicted in Fig. 2. The gray region in this figure denotes
the gapless region which always separates two regions having
the same ν. In the language of the parent Hamiltonian, this
gapless region always occurs between regions of that have the
same winding number parity.
Let us see how does the broadening of the gapless line into
a gapless (gray) region happens. In order to have a gapless
region in parameter space, there should exist a 0 ≤ k ≤ 2pi
such thatE2(k) = 0. Using Eq. (11) for the most general case
r = N we have,
FIG. 2. (Color online) Phase diagram of the 2XY model with gen-
eralized DM interaction φ = 0.1. The phase diagram consists in
regions with ν = ±1 which are spawn from regions with winding
number nw of the φ = 0 model and satisfy ν = (−1)nw . The gray
region corresponds to gapless region. This region only separates be-
tween regions that have the same ν. Regions with opposite ν are
separated by a gapless line.
N∑
s=0
N∑
s′=0
[λsλs′ + JsJs′ cos (s+ s
′)φ] cos (s− s′)k + [−λsλs′ + JsJs′ cos (s− s′)φ] cos (s+ s′)k = 0, (13)
6where J0 = µ/2 and λ0 = 0. For r = 2 this equation reduces to,
[λ1λ2 + J1J2 cos 3φ+ µJ1 cosφ] cos k +
J21 − λ21 + 2µJ2 cos 2φ
2
cos 2k + [−λ1λ2 + J1J2 cosφ] cos 3k
+
J22 − λ22
2
cos 4k +
λ21 + λ
2
2 + J
2
1 cos 2φ+ J
2
2 cos 4φ
2
+
µ2
4
= 0 (14)
Two possible gapless points are k = 0, pi (note that −pi is
equivalent to +pi) which result in,
J2 = (−ξJ1 cosφ− µ/2) / cos 2φ, (15)
where ξ = ±1 corresponds to cos k with k = 0, pi. Already at
φ = 0 we obtain the horizontal borders J2 = ∓J1 of the 2XY
model21,33. As for the other border, let us start with the zeroth
order border corresponding to φ = 0 which corresponds to a
gap-closing at k = arccos (−λ1/2λ2) and gives the border
line,21,33,
J2 =
J1λ1
2λ2
− µ2
λ21
2λ22
− 1
for
∣∣∣∣ λ12λ2
∣∣∣∣ ≤ 1 (16)
Now let us Taylor expand for small φ to see how does the
gapless line broadens into a gapless region upon turning a very
small generalized DM parameter φ. The gray gapless region
in the absence of disorder will be a metallic region.
Now let us turn on the calculation of the Z2 topological
index ν for the φ 6= 0 Hamiltonian. Our Hamiltonian Eq. (10)
is of the following generic form,
H =
∑
k
ψ†k(d0σ + ~dk.~σ)ψk ψk =
(
ak
bk
)
In our case the k-even component is given by dy(k) =∑
s=1,r Js cos(sk) cos(sφ) + µ/2 which hence characterizes
the Z2 index42
ν = sign(dy(0)dy(pi)) (17)
For the above dy(k) function it becomes,
ν = sign
(
µ
2
+
∑
s=1,r
Js cos sφ
)
×
sign
(
µ
2
+
∑
s=1,r
Js cos spi cos sφ
)
(18)
It is important to note that the above formula works as long as
the system is gapped. It can not be applied to the gray region
in Fig. 2. Outside this region, it is consistent with this figure.
Indeed in the Majorana representation, the Hamiltonian can
be represented by a skew matrix h as,
H = i
∑
γihijγj
where hij are matrix elements of h and γi are Majorana
fermion creation operators. The Z2 index is given by the Pfaf-
fian41,
ν = signPf (H) (19)
Using the above definition and the Wimmer package for cal-
culation of Pfaffian43, the phase diagram of Fig. 2 can be pro-
duced. In the gapped region it agrees with formula (17). For
the clean system, increasing the size of system do not change
the sign of Pfaffian gaped phases. On the opposite side, in the
gapless phase sign of Pfaffian changes by changing the length
of the system somehow randomly. Therefore in the gapless
(gray) region of Fig. 2, the numerical calculation of Pf gives a
strongly fluctuating Pfaffian sign. The random fluctuations are
controlled by size (in the clean system) and/or disorder. This
is simply because for a gapless system the Pfaffian can not be
defined. In this case, however, this strong sign fluctuations
can serve as a convenient tool to determine the broadening of
the gapless region for φ 6= 0 system.
To summarize this section, the generalized DM parameter
φ broadens the gapless lines of the φ = 0 model to gapless
regions that separate regions with the same ν. In the case
of regions with different ν, the generalized DM parameter φ
only shifts the gapless line that separates them without any
broadening. The gapless region in numerical calculations is
signaled as strong fluctuations in the sign of Pfaffian. As long
as there is no disorder, this gapless region is metallic. Now we
wish to study what happens when we turn on the disorder.
V. Z2 TOPOLOGICAL PHASES WITH ONSITE
DISORDER
In one dimension, the smallest amount of uncorrelated on-
site disorder localize wave functions and makes the systems
Anderson insulator. Anderson insulator is distinct from band
insulator in that despite a gapless spectrum, the conduction
ceases because of the localization of wave-functions. In such
a situation, the concept of localization length is used to quan-
tify the localization of wave functions. Localization length
indicates, how much a given wave function is localized which
generally depends on energy and disorder strength.
Our previous study reveals that in the parent BDI Hamil-
tonian, the localization length of E = 0 modes is capable of
sharply identifying the onset of disorder strength at which the
winding number changes. At this threshold values, one pair of
Majorana fermions across the two ends of the system become
critically delocalized which allows them to hybridize and are
therefore drown into the bulk of Anderson localized states33.
7FIG. 3. (Color online) Localization length for different value of φ in
the clean system: this figure shows the grow of gapless phase with
extended wave functions by increasing generalized DM parameter
φ. As we can see the broadening of transition lines are very sen-
sitive to the strength of the φ perturbation. Note that in agreement
with Fig. 2, only borders separating the same Z2 topological index ν
(separating phases with only even, or only odd winding numbers in
parent Hamiltonian) will be broadened by increasing φ. This figure
corresponds to J1 = λ1 = 1 and µ = 0.
In the hindsight, the localization length is able to assign the
winding number to each phase. The location of divergence
of localization length of the E = 0 wave functions identifies
the phase boundaries of the parent BDI Hamiltonian33. More-
over, the calculation of localization length can be efficiently
and precisely performed with an appropriate modification of
the transfer matrix method (see appendix A). This observa-
tion elevates the localization length as extracted from transfer
matrix method to a diagnosis tool that can reveal information
about the topology (winding number) of the system. For de-
tails please see Ref. 33.
Upon turning on the generalized DM parameter φ, the topo-
logical index of the daughter Hamiltonian will not be an inte-
ger (winding) number anymore. But it will turn out that the
localization length ofE = 0 states of the φ 6= 0 the model will
still remember information about the winding number of the
parent Hamiltonian. For an extension of Kitaev model with-
out disorder, the role of time-reversal symmetry breaking by
the parameter φ is to broaden the gapless topological phase
transition boundaries of the φ = 0 model into a gapless re-
gion22. In our model, we have used the localization length
of E = 0 modes to produce the phase diagram of the clean
system in Fig. 3. The top-left panel shows the phase diagram
of the parent φ = 0 model with sharp boundaries that sepa-
rate regions with various winding numbers. Across the two
horizontal boundaries at J2 = ±1 the winding numbers dif-
fer by one. Therefore they separate even winding numbers
from odd winding numbers. Other phase boundaries separate
regions across which the winding number changes by two. In
FIG. 4. (Color online) Localization length for different value of φ
and disordered strength give byW = 10. The role of φ is to broaden
the bright region separating the same ν phases, while the disorder
works in opposite direction, as it leads to Anderson localization of
the E = 0 states. The winding number map in the top left panel is
obtained from the LL itself33.
agreement with Fig. 2, only the later are broadened into a gap-
less region, while the former are slightly shifted in agreement
with Eq. (15). As emphasized in Fig. 2, the gapped phases
separated by broad regions corresponds to the same Z2 index.
Now let us study the interplay between the φ perturbations
and disorder. As pointed out, starting from φ = 0 limit, the
role of φ 6= 0 is to broaden the border between the same ν
phases. Comparing the same values of φ in Fig. 4 (corre-
sponding to disorder strength W = 10) with the correspond-
ing part of Fig. 3 of the clean system, one sees that the broad-
ening of the gapless region is reduced by the disorder.
Despite that for the φ 6= 0 Hamiltonians the winding num-
ber can not be defined, however, still the divergence of the lo-
calization length on the white borders signals something hap-
pening in the spectrum. This is nothing but the remnants of
the integer winding number genome of the parent Hamiltonian
which shows up as enhancements of the localization length of
the zero modes and therefore divides the phase diagram of the
Z2 Hamiltonian into several regions. If we were to label these
regions in terms of the Z2 topological index, we would have
only two types of regions with ν = ±1 which alternate upon
crossing every white border in Fig. 4.
Now that we have the localization length as a tool at hand
that can diagnose the topological information of the parent
Hamiltonian, let us use this tool to better understand the in-
terplay between φ and W . In Fig. 5 in every panel we pick a
set of parameters (J2, λ2) that in the parent Hamiltonian cor-
responds to a definite winding number. In our previous work,
we have studied the effect of W alone on the winding num-
bers, and have found that the generic role ofW is to reduce the
magnitude of the winding number33. We have further found
8FIG. 5. (Color online)Localization length for selected points in the
phase diagram as a function of φ and W . The color code of the
margin as indicated in the legend corresponds to the winding number
of the parent (φ = 0) Hamiltonian. The common feature of all these
figures is that the ultimate fate of the system in strong disorder regime
is to end up with a topologically trivial state. Moreover for small W ,
the broadening role of φ 6= 0 mod pi is manifest.
that this reduction of the absolute value of the winding number
by disorder happens in one-by-one steps. Let us start with the
description of the top left panel in Fig. 5 which in the parent
Hamiltonian corresponds to the winding number nw = −2.
Let us first walk along the W = 0 line (the vertical axis).
By increasing φ from zero to pi, gapless regions appear which
correspond to the band intervening pattern in Fig. 1. If we
walk along the horizontal line which corresponds to adding
disorder W to the parent Hamiltonian33, the absolute value of
the winding numbers starts to reduce one-by-one upon each
enhancement of the localization length of the zero energy
states. This gives the color code in the horizontal border which
indicates how the winding number of the parent Hamiltonian
changes with the disorder. For strong disorder, it ultimately
ends in the nw = 0 state. For φ = pi, the story is similar
to the φ = 0, except that φ = pi essentially corresponds to
flipping the sing of λ2, which will then place it in a phase
with winding number nw = +2. This symmetry is nicely
seen in the lower-left panel which is essentially the mirror im-
age of the top-left panel. Now smoothly departing from the
regions coded with winding number colors in the borders of
every panel, one can visit the entire phase diagram. As long
as no white line is crossed, the winding number of the parent
Hamiltonian remains the same. This allows us to tile the re-
gions in this figure, with the winding number nw of the parent
φ = 0 mod pi Hamiltonian. In the clean system lower-right
panel corresponds to the winding number, nw = 1. Since this
particular point is very close to the borderline of the clean par-
ent Hamiltonian, upon introducing disorder (walk along the
horizontal line), the winding number quickly becomes zero
which is indicated with a long margin color bar. For φ = pi,
- 8 - 4 0 4 8
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FIG. 6. (Color online) Localization length for a disordered system
with µ = 0, λ2 = −1.4, J2 = −1.5, W = 2, and with averaging
over 200 configurations. For φ = 0 all states are localized and the
system is a topological insulator with the winding number nw =
−2. For φ = 3pi/4, the localization length of the entire spectrum is
remarkably enhanced with respect to the φ = 0 case.
the clean parent Hamiltonian is deep in the nw = −1 phase,
and therefore the margin color bar corresponding to nw = −1
is longer. Upon increasing W , this phase is also eventually
transformed into the nw = 0 phase. The rest of the phase di-
agram consists in a dominant region with nw = 0 and hence
ν = +1. Upon crossing every white border, the ν alternates its
sign, while nw changes by one. Similar considerations apply
to the top-right panel. Let us emphasize that in the daugh-
ter Hamiltonian with where φ 6= 0 mod pi, the integer nw is
not the topological index anymore, nevertheless, it still counts
the number of zero-energy states that are left in the ends of
the chain. Since these numbers are not topological numbers
anymore, the corresponding zero modes are not topologically
protected.
At low-disorder, for some ranges of φ, the zero energy
states remain extended which produce the bright regions in
Fig. 5. How does the rest of spectrum look-like in these re-
gions? In Fig. 6 we compare the localization lengths at all en-
ergiesE for a low-disorder system withW = 2 corresponding
to φ = 0 and φ = 3pi/4. In both cases we have λ = −1.4 and
J2 = −1.5. The φ = 0 belongs to the parent Hamiltonian and
corresponds to a topological insulator with nw = −2. The
φ = 3pi/4 corresponds to a point deep in the bright region in
the top-left panel of Fig. 5. As can be seen in Fig. 6, by tuning
φ to φ = 3pi/4 where the intervening between the bands is
achieved, the localization length is markedly enhanced. This
is most manifest for E = 0 extended state.
A. Non-zero chemical potential
So far we have focused on the µ = 0 case. It is interest-
ing to study the interplay of non-zero µ which in the original
spin Hamiltonian is equivalent to an applied field along z axis
hkˆ, Zeeman coupled to spins. In Fig. 7 localization length has
been plotted in terms of disorder strength and chemical poten-
tial for different values of the generalized DM parameter φ.
Other parameters are fixed at J2 = −1.5, λ2 = −1.4. In the
9FIG. 7. (Color online)Localization length for different value of
φ in terms of disorder and constant chemical potential forλ =
−1.4, J2 = −1.5. Increasing φ from zero to pi2 partitions the phase
diagram into regions with ν = ±1. Those with same ν are separated
with broad white regions in the low-W regime, while those with dif-
ferent ν are separated with sharp white borders even in the low-W
regime.
top-left panel corresponding to φ = 0 the system represents
the parent Hamiltonian and is characterized by the winding
numbers indicated in the figure. Inside the nw = −1 region,
the dashed line represents a line across which the spectral gap
of the small W regime is closed by disorder, but the winding
number does not change. The gapless part is actually the topo-
logical Anderson insulator, while the small W part side of the
nw = −1 region is a topological insulator. Similar lines ex-
ist for nw = 0 the region which separates gapped phase from
gapless Anderson insulator. However, the Anderson insulator
in this case is topologically trivial.
By moving to the top-right panel where φ = pi/10, and
the topological index is ν = ±1, as can be seen, the border
separating nw = −2, 0 of the parent Hamiltonian which cor-
responds to the same ν = +1 index, is broadened by the DM
parameter φ. Upon increasing disorder, this broadening dis-
appears as in the µ = 0 examples. Upon crossing each bright
white line (the divergence of localization length), the magni-
tude of winding number changes by 1. Across the broadened
lines it changes by an even number. Therefore the number
of (non-protected) Majorana zero mode pairs in the top-right
panel are qualitatively similar to the top-left panel. By mov-
ing to larger values of φ in the bottom row, a more complicated
pattern can be generated. Again regions with different ν are
separated with sharp lines, while those with the same ν are
separated by broad lines in the low-W regime. The broaden-
ing is washed away by large W .
In Fig. 8 we calculate topological phase diagram with lo-
calization length and Pfaffian analysis in the plane of φ and
µ for two cases corresponding to W = 0 (left column) and
W = 10 (right column). In the left column for the clean sys-
tem, we have plotted the phase diagram as determined from
the Pfaffian calculation. The trivial (non-trivial) case, ν = +1
FIG. 8. (Color online) Comparison between the results of Pfaffian
analysis and localization length study. Pfaffian is completely blind
(gray region) when the system is gapless. However, the localization
length, reveals much more information and structure than the topo-
logical index determined from Pfaffian.
(ν = −1) is denoted by yellow (green). The gray region de-
noted by ν = 0 actually means that the Pfaffian is not well
defined and it signals a gapless situation where the Pfaffian
fluctuates between ±1 and eventually averages out to zero.
Physically it means that the system is gapless and Pfaffian can
not be defined. The bottom panel corresponds to the top panel
in each column and is determined from the localization length
of the zero energy states. As can be seen by comparing the top
and bottom panel in the left column, the localization length
reveals much more structure than the Pfaffian. Across every
sharp line, ν changes, while across the broad while regions
ν stays the same. Similarly for the second column, in pres-
ence of strong disorder, according to the Pfaffian, most of the
phase diagram consists in gapless regions (gray) where the
Pfaffian is not even well defined. But the localization length
indicates some structure within the gray region itself. Across
every white line, the localization length of Majorana fermions
inherited from the parent Hamiltonian at φ = 0 critically de-
localizes. Despite the system is gapless and topological index
is not even well defined, the localization length is capable of
revealing non-trivial structures.
VI. CONCLUSION
In this paper we have studied the topological properties
of a generalization of XY model dubbed 2XY with a simi-
larly generalized DM coupling in presence of a random trans-
verse field. With the aid of Jordan-Wigner transformation,
this model can be mapped to 1D higher neighbor hopping Ki-
taev model with time-reversal symmetry breaking and Ander-
son on-site disorder. The time-reversal symmetry breaking of
Jordan-Wigner fermionized model comes from the general-
ized DM parameter φ. Any non-zero value of φ breaks the
time-reversal symmetry and reduces the Z-valued topological
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index of the φ = 0 (parent) Hamiltonian to a Z2-valued index
ν = ±1 of the daughter Hamiltonian.
The result of our previous work33 which deeply roots in the
bulk-boundary correspondence allows us to focus on the LL
of the edge modes at E = 0 only. We used this as a diag-
nostic tool to reveal information about the TR-restored (par-
ent) model by looking into the edge modes of the TR-broken
(daughter) model. The essential lesson from the comparison
of the parent and daughter Hamiltonians in this work is that
the localization length outperforms the topological index in
the following respects: (i) In terms of speed, accuracy and ef-
ficiency of numerical computation, since it only requires the
computation for E = 0 (boundary modes), it will be much
faster than the computation of the topological index which re-
quires the information of the entire spectrum. This simpli-
fication roots in the bulk-boundary correspondence. (ii) In
addition to the topological index of the daughter Hamiltonian
itself, the LL also contains information about the topological
index of the parent Hamiltonian. Moreover, by tuning φ due to
band-intervening, there appear gapless regions in the phase di-
agram where theZ2 topological index is not even well-defined
(topological indices are defined for gapped systems). But the
localization length reveals transitions which can not be cap-
tured with the topological index. Therefore the LL of zero
modes besides being simpler to compute contains information
beyond the topological index.
The new insight obtained by the localization length is as
follows: In the daughter Hamiltonian with φ 6= 0, still the
Majorana zero modes of the parent Hamiltonian (φ = 0) are
localized in the edge, although their edge localization is not
protected by winding number anymore. By changing various
parameters in the Hamiltonian such as the disorder strength,
W , the Majorana fermions of the parent Hamiltonian critically
delocalize and get drown into the bulk of Anderson localized
states. In the parent Hamiltonian, this is sensed by a reduction
in the magnitude of the winding number. But in the daughter
Hamiltonian where the winding number can not be defined,
this is sensed in a different way. If the divergence in local-
ization length happens on a sharp line, the Z2 index alternates
across the transition line. However, if the transition line is
broad – which happens for low-disorder case – the Z2 index
does not even recognize that a pair of Majorana fermions are
lost across the transition.
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VIII. APPENDIX
Appendix A: Transfer Matrix method for Anderson localization
To be self-contained, in this appendix we review the trans-
fer matrix method. This is based on our previous work33.
To calculate the localization length, we can use quasi-one-
dimensional Schro¨dinger equation HΨi = EΨi44,45. In our
model, we need to calculate the localization length for the
wave functions in the Nambu space in presence of the gen-
eralized DM interaction. When we have next nearest neigh-
bor, we are lead to organize the sites into the blocks de-
picted in Fig. 9 such that in the newly arranged form, the
transfer takes place only between neighboring blocks33. In
this basis every block will have two sites labeled by indices
1, 2 and the wave function Ψi in the Nambu space will be
ΨTi =
(
ψei,1, ψ
h
i,1, ψ
e
i,2, ψ
h
i,2
)
. This is effectively a four-
channel quasi-one-dimensional problem. Within this repre-
sentation, the wave equation becomes,
t∗i,i−1~Ψi−1 +Hi,i~Ψi + ti,i+1~Ψi+1 = E~Ψi (A1)
(
~Ψi+1
~Ψi
)
= Ti+1,i
(
~Ψi
~Ψi−1
)
(A2)
where:
Ti+1,i =
(
t−1i,i+1 (E −Hi,i) −t−1i,i+1t∗i,i−1
1 0
)
. (A3)
As can be seen in the Fig . 9 we have two kind of slices
labeled by 2i and 2i + 1, respectively. Hopping and onsite
matrix for each slice can be written as:
2i-1 2i 2i+1
FIG. 9. (Color online) Transfer matrix for our Hamiltonian. Each
slice contains two atoms. Blue and red circles represent ψe and ψh.
Green lines and orange lines show nearest and next nearest neighbor
couplings.
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t2i,2i+1 = t
T
2i+1,2i =
 0 0 J2 λ20 0 −λ2 −J∗2J2 λ2 J1 λ1
−λ2 −J∗2 −λ1 −J∗1
 ,
t2i+1,2i+2 = t
T
2i+2,2i+1 =
 J1 λ1 J2 λ2−λ1 −J∗1 −λ2 −J∗2J2 λ2 0 0
−λ2 −J∗2 0 0
 ,
H2i,2i =
 µ+ i,1 0 J1 λ10 −µ− i,1 −λ1 −J∗1J∗1 −λ1 µ+ i,2 0
λ1 −J1 0 −µ− i,2
 ,
H2i+1,2i+1 =
 µ+ i,1 0 J1 −λ10 −µ− i,1 λ1 −J∗1J∗1 λ1 µ+ i,2 0
−λ1 −J1 0 −µ− i,2
 .
(A4)
To calculate the localization length, one needs to conctruct the
product of T-matrices as,
TN,1 =
∏
i=1,N
Ti+1,i. (A5)
Then the localization length is numerically computed as,
Λ =
1
γmin
. (A6)
where the smallest positive Lyapunov exponent γmin is de-
fined by the eigenvalues eγi ; i = 1 . . . 8 of the matrix,
Γ = lim
N→∞
 ∏
i=N,1
T †i+1,i
∏
i=1,N
Ti+1,i
1/2N . (A7)
Details concerning the numerical method of obtaining the
smallest positive Lyapunov exponent precisely are discussed
in Ref. 44 and 45. In our calculation, N will be chosen large
enough to ensure that localization length converges.
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